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ANNALS OF MATHEMATICS. 

Vol. IV. June, 1888. No. 3. 

THE THEORY OF IMAGES IN THE REPRESENTATION OF FUNCTIONS.* 
By Mr. Rollin A. Harris, Jamestown, N. Y. 

1. If u be a function of z, and if z describe any path, u will describe another 
path which is called the image of the former with reference to the given function. 

The problem constantly before us in the following discussion, is that of as- 
certaining points in the «-plane which correspond to given points in the .s-plane 
(thereby representing the function), without involving needless computation. 

2. The transforming equation is the relation subsisting between u and z. It 
will usually be indicated thus : 

<P (ii, s) = o, or u = (f (s). 

Either <P or <p may be called the transforming function. 

3. The path, when not otherwise specified, is the course of the independent 
variable. Its equation will usually be written 

f(x,y) = o. 

We shall indicate the equation of the image, with respect to <P, thus : 



I/(*J')_ n or T/_r> 
</>(«, s) — °> ° r *-®-°- 



4. If u be a many-valued function of z, m denoting the order of multiplicity ; 
and if z be a many-valued function of u, n denoting the order of multiplicity; 
then to each value of z there correspond, in general, m distinct values of u, and 
to each value of u correspond n of s. 

In this case either the path, or the image, or both, may be multiform. 

5. By supposing / to contain a variable parameter, we obtain a system of 
paths. The corresponding courses of u constitute an image of the system. 

When for a particular value of the parameter, the degree of the equation of 
±he image is lowered in respect to either variable or to both variables (the curve 

*A Thesis presented to the Faculty of Cornell University, for the Degree of Doctor of Philosophy. 
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then breaking up into curves of lower degree), this line will be called a path of 
reduction, and the corresponding course of u, a reduced image. 

Examples of paths of reduction (0 real). 

( I .) The axis of x for the system y = /?. For, if we equate the imaginary part 
of <t> (u, z) to zero, every term must contain a y or V. Hence when y = o, Y will 
be a factor of the equation just formed. 

(2.) If the order of each of the terms of <P be odd (and the constant term 
wanting) then the axis of y is a line of reduction in the system x = a. 

(3.) If the variables u, z be separate, if u enter by odd powers only, and if 
the system be the real part of the function of z equated to k, that value of k which 
cancels the constant in will give a curve of reduction. 

(4.) On the other hand, if u and z be separate and the purely imaginary part 
of the function of z equated to k 1 ', k' = o will always give a curve of reduction. 

(5.) Every quardratic function with real coefficients will be shown to have a 
line of reduction parallel to the_y-axis. Art. 21. 

6. Translation is the result of substituting for u, u' — v, and for z, z' — v', 
in the transforming equation, and simultaneously for x, x' — v,', and {ox y,y' — v 2 ', 
in the equation of the path, v, v' are any constants ; v/ + iv 2 ' = v' . That is, if we 
move the origin Z , to the point whose affix is v' , any path of z' becomes a path 
of z referred to Z . If we move U < to the point v, then any course of u' becomes 
a course of u referred to U . 

7. Imaginaries is a generic term applied to all quantities not real ; these latter 
may be either complex quantities, or pure imaginaries. 

8. For the sake of brevity, we shall denote the real part of any expression or 
function F, by xF, and the purely imaginary part by i $F. 

9. Expressions whose terms are homogeneous in each of two sets of letters, 
as X m y n , X m ~ r Y r x n ~'y", etc., may be denoted thus: 

(X,Yy(x,yy. 

10. If z describe any infinitesimal element, u describes a similar one. 

Let the arguments of dz and du be <o and y_, respectively; a, p their moduli.* 

Then dz = ae 1 ", du = pe' x ; 

du p l(x—o>) , , 

■'■Tz-'o ■ (I) 

n . du dX , .SY 3Y .3X 

But dz = 3x- + *Tx = 3y-- l 3y- < 2 > 

*Hoiiel, Calcul Infinitesimal, Vol. 3. p. 249. 
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From (1) and (2) we get 

3Y 

<H[ (£)'+ (£)']■* — «-f 

Hence ^ — <o depends only upon the position of £, and is always the same 
for that point regardless of the direction in which ds is taken. If, then, we in- 
creasejor diminish the argument of ds by any given amount, the argument of du 
will be increased or diminished by an equal amount. Hence all angles of the 
infinitesimal elements, described by s , are preserved in the images of these paths. 

If u = ip (s), and if v = <p (u,z), then of course, the elements described by v 
are similar to those described by u or s. 

11. By taking the inverse function along the image, we get the original curve 
or path as an image of the image. 

The truth of this proposition is obvious. Since any point s, operated upon 
by ip gives u, or <p (2), if we operate upon this result by tp~ l , the two operators 
.mutually destroy each other. 

1 2. If we develop u = ip(s) by Taylor's theorem, we shall have 

*-*(*) + 7 -sr + ^r~ap~ + • • ■ + ~nT-dx» - 

■■•^=?'W-J ! -|> i +iT-& i -- • .^cos[^J. f (^), (1) 
F - J/ Mf)_^^W + Z 6 ?V(£)_ —infill ,(*) (2) 

^ ax 3 ! a* 3 + 5 ! a* 5 • • • — n (/a* J -? w - ^ 

If we eliminate x and y from (1), (2), and /(.*■, y) = O, the resultant equated 
to zero will be the equation of the image. 

SYMMETRY ; If REAL. 

13. If f(x,y) =0 be symmetric about the x-axis, then is the image symmetric 
about the X-axis. 

This is equivalent to the statement that if 

ip(x + iy) = X + iY, 
then <pi x — iy) — X —iY. 

When the path is symmetric about the y-axis, then if ip be an '£'„ function, I is 
symmetric about the £ "J". 
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THE ORDER OF /, WHEN / AND ARE RATIONAL ALGEBRAIC FUNCTIONS. 

14. Its limit. Let m denote the highest power in which u enters 0, n the- 
highest power of z, and let p be the order of f. 

Then the (x, j)-resultant of 

t0 = o, jr</> = o, /=o, 

i. e., the resultant got by eliminating (x, y), is of the /»th degree in the coefficients 
of each of the first two equations. But these coefficients contain X, Y to an order 
not greater than m ; hence the order of / is not greater than 2mnp. 

1 5. General method of ascertaining the order. 

Let Uj? + U^-'v + . . .+U r v" = o, (1) 

represent the general transforming equation ; let f(x,y, v) = o be the equation of 
the path, v is introduced for the sake of homogeneity and is always understood 
to be equal to unity. U a , U p , etc., are polynomials of the orders a, ft, etc. in u. 
Expanding (1), and equating V0 and j/0 separately to zero, we have 

ex, yyj*,j>Y + ex, Y)n*,yT~ l v+ • . . +C^, vy v- = o, 
CX, vy^\x,yy + qx, yy>_(x,sy— l v + . . . +qx, yy* v = o. 

The grave accent is used to indicate that the function is not in general homoge- 
neous in X, Y. 

Suppose that the coefficients of all terms of t0,p0 containing v to a given 
power be affected with a suffix equal to this power, then the (x, j)-resultant will 
be a homogeneous function in these coefficients of order 2np and weight nip. 
Let a denote any coefficient of v 9 containing X, Y to the a power ; a lt any co- 
efficient of v containing X, Yto the ft power, etc. Form out of the a's all pos- 
sible terms having the required order and weight. Observe the order of each a 
(regarded as a function of X, Y) that enters any given term as a factor. Let & 
denote this order, and let / be the number of times that it enters as a factor ; then 

2{tS) 

is the order of the particular term in question. The highest order found, when 
the successive terms are thus treated, is the order of / 

16. To find the degree to which a r may enter the resultant. 

Let us first consider the special case where p = 1, and let / denote the degree 
in question. Then, since no subscript can exceed n, we have (because weight -5- 
order = subscript), 

ti 2 — rt— 
<" 11 ; • ' 
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If we use E to indicate that only the integral part of the quantity is taken, 
we have 



t- 



i^-r) ■ <■> 



This formula holds true whenever n > 2r. When n < 2r, we must use the obvi- 
ous formula 



-43 



(2), 

v. r j 

Reasoning as before, we have in general 

*=*Gr^-r}'"> 2r ' (3 > 

t=E\^l),n^2r. (4) 

If be a homogeneous function in u and z of order n, then the image of any 
curve of the /th degree is of the order n 2 p. For the subscripts of the a's in this 
case denote their orders in X, Y. Hence the weight of any term will be the order 
of I. But we know this to be n 2 p. So, if a, ft, . . . r < o, I , . . . n, respectively, even 
if be not homogeneous, the degree of / is at most n 2 p. 

OF THE FIRST DEGREE. 

17. When is of the first degree in u and z, the nature of any path trans- 
formed will be preserved. In other words, the path will at most be translated, 
rotated, and altered in scale. 

Let the transforming equation be 

u = kz + c 

Take any point z t upon the curve/ = o. If we multiply it by the affix of k, we 
increase its argument by a, the argument of k, and multiply its modulus by /, the 
modulus of k. We then translate the resulting point a distance c. So, for every 
point on/"= o. 

Let z = ku, and suppose the modulus of k to be equal to unity. Then, 

x=Xcosa — Fsin «, (i) 

y = Jf sin « + Fcos a, (2) 

or z = e^u. (3) 

Thus the well-known formulae (1) and (2) can be written in the form (3). 

OF THE SECOND DEGREE. 

18. We shall begin the study of these functions by examining cases which 



7o 
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are special, either because certain coefficients are wanting, or because the coeffi- 
cients are real, or for both reasons. 

(i.) Suppose that a, h = o in the general equation 

aii? + bz 2 + c + 2fz + 2gu + 2huz = o. (i) 

By translation, this equation may now be written in the form 

u> = b'z'\ (2) 

Consider the equation u" = z n , 

or R" cis 8" = p n cis 2O' ; 

. • . R" = p>\ 6" = 20'. 

Now cause z' to describe a circle about OJ with a radius p x ' ; «" will describe a 
circle about OJ of radius p x n . 8" = 2d' ; hence, when u" has made a complete 
revolution, z' has made but half of one. We have, then, for each value of u" two 
of z' (which differ only in sign) in our representation, u' is obtained by multi- 
plying the modulus of u" by that of b', and increasing the argument of u" by 
that of b'. 

Example. u -(- 2= z 2 + 2z. 

Here u -f 3 = (z + i) 2 , u" = u' = u + 3, £'=1, z'=z+i. 

That is, if we measure the 
co-ordinates of z lt z 2 referred to 
0„ and of u t referred to 0,„ the 
values thus obtained should sat- 
isfy the equation 

u -\- 2 = z 2 + 2S. 

In the case of real coeffi- 
cients, the two systems of straight 
lines x = a,y = ft are transformed into two systems of confocal parabolas, all axes 
of the curves of both systems lying along a line parallel to the axis of X. 

(2.) Suppose b,/i = o; the equation becomes, by translation, of the form 

a 2 =/'*. 

Obviously, this may be represented by aid of circles, as was the equation of the 
form u = b'z 2 in the last article. 

If z move along any straight line, u always describes an equilateral hyperbola. 

For, let /' =//+ if', 

then ^-Y 2 =f l 'x-f i 'y, (,) 

2XY=/Jx+/ I y. ( 2 ) 
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Substituting for y in (i), (2) its value from the equation of the line, and eliminating 
x, we see that the axes of the hyperbola are equal. 

In the case of real coefficients, the image of x = a is 

fa f'a~ 1 ' 
and that of y = ft is 

(3.) Suppose a, b = O; the general equation now becomes, by translation, of 
the form 

uz = c'. 

Suppose c' = 1 ; then u = - , or 

yjcis = -cis( — 0); 
l> 

.-.R=-, 6= — 0. 
P 

Hence, the substitution u = ~ gives the inverse of any curve along which z is taken 

at the same time inverting it. 

Multiply this locus by c' and we have the required curve. 

(4.) If h — o, the general equation may be written in the form 

a'u 2 + b's 2 = c>. 
For the systems x = a, y = ft the images are always of the form (if the coeffi- 
cients are real) 

where the ± signs under the radical depend upon the case considered. 

This curve admits of a mechanical construction. We use for this purpose 
two right-angled triangles having a side in common whose length is X. 

GENERAL CASE WITH REAL COEFFICIENTS. 

19. Having by translation deprived the equation of terms of the first degree, 
we may write it in the form 

ati 1 H- ihuz -f bz* = c. 
If, now, z be made to move along the line x — a, the image becomes of the form 

yi _F i (X) 

wherein F i and F 2 denote polynomials of the fourth and second degrees, respect- 
ively. 
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For y = {3, 1 has the same form after interchanging X and Y. 
Hence, the images of all lines whose equations are x = a,ory = (3 can be easily 
constructed when is a real quadratic function. 

GENERAL CASE. 

20. By linear substitution, we can put (P 2 (w, z) =■ o into the form 

u'z' = c. 

Now, if z' be taken along any straight line, u' will describe a circle, as follows 
from 1 8 (3). Hence, this auxiliary image is easily constructed. Suppose such a 
system to have been thus constructed. Then u and z are obtained from it by the 
relations 

« = hi' + f*z' + v, 

z = l'u' + fi'z' + v'. 

Since the courses of u are images of the courses of z with reference to the original 
function, we have a representation as required. 

Corollary, z may now be taken along more convenient systems and, by 
referring to the u- and z- charts already constructed, the corresponding course of 
u be determined. 

Example. 4# 2 + 60* — wuz + 14?/ — 132 + 256 =0. (1) 

Here, u = 2u' + 32' + 1, (2) 

z=u' + 42' + 2; (3) 

.•.«' = £( 4 « — 3* + 2), z' = \(2z — u — 3); (4) 
aV = 10. 

Let z' move over two systems of right lines whose equations are x = a,y = /?. 
In the diagram, « varies from ± ^ to ±4 and /3 has the same limits. When the 
paths of z' lie in the first angle, since 6' = — 0', their images lie in the fourth 
angle, etc. 

From these two charts we construct Figs. 3 and 4, by aid of equations (2) 
(3), using the first angle of Fig. 1 and the fourth angle of Fig. 2. Then the 
curves in Fig. 4 are the images of the curves in Fig. 3 with reference to equa- 
tion (1). 

line of reduction. 

21. The general quadratic equation with real coefficients has a line of reduction, 
parallel to the y-axis. 

Tliis line passes through the two critical points, or midway between them. 
From what has been said concerning order of images, it can be easily shown 
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1*4 = O is, in general, of the fourth degree in X, Y. From j)0 = o, we have 
., _ _ aXY+hYx + gY __ _gy 



when -j (bx -\-f) = fix -\- g; i. e., when 



kX+bx+f 

a 

gh —fa 



*— ab — ir 

X0 = a(X 2 — F 2 ) + b (x % —f) + 2h (Xx — Yy) + 2gX + 2/x + c = o. 
In this equation, substitute the above values for x and y. It will become the 



equation of 




An hyperbola, if 


ab>/?; 


An ellipse, if 


ab<J?\ 


A parabola, if 


ab = tf. 



90 

If we eliminate u between and « , we have 

dU 



. gh — af 



ab — tf 



1 


a, h, g 
h, b, f 

g, /, * 


ab 


— af 



The first part of the above expression is always real and represents the x- 
co-ordinate of a point midway between the two critical points. In case the second 
part is imaginary, this line passes through the points themselves. Q. E. D. 

If the terms of the first degree be wanting, the line is the y- axis. 

OF THE FORM % (u) — (/> (z). 

22. Let us suppose i of the mth degree and <f> of the «th. The order of T 
evidently depends upon the number of times that a n can enter any term of the 
resultant as a factor. From (4) Art. 16, we see that it is np. But a n is a function 
of the mth order in X, Y. Hence the order of / is mnp. 

In the present case, the relation between u and z may be advantageously 
shown by a pair of systems representing the course of z and another pair rep- 
resenting that of u whose equations in either case shall be of the form 

Ws ...=c, =sF (r lt r 2 , r 3 , . . . ), (1) 

«, + 0. + tf.+ - • • =a+2fcr,==G(0 1> i ,fl„ ...); (2) 

wherein r x , r. 2 , . . . , d ll t) 2 , ... are the moduli and the arguments of the m or n 
factors into which % (u) or <p (z) is resolvable. 
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It is easy to draw the normal at any point of (i), and the tangent at any 
point of (2). 

For we have only to lay off on r x , r 2 . . . distances proportional to 

3F 9F 

di~i 3r 2 ' ' ' ' ' 

respectively, and, regarding them as forces, find the resultant. This gives the 
direction of the normal. 

The direction of the tangent to (2) for a given point is found by taking dist- 
ances on the r's proportional to 

i\ 3d, ' r,9d 2 ' ■■■' 
and by finding the resultant as before. 

c . 3F c 

Since «— = r„r, ... = — , 

dr x 3 r,' 

a \ dG \ L 

and — ^- = — , etc., 

r x 50, r, 

the two systems cut each other orthogonally, as is otherwise evident. For (1), 
(2) may represent either 1 (») or <p {£) as an auxiliary variable s, = % («) = <}> {z), 
describes a system of concentric circles and a system of straight lines through their 
centre. The J-pair of systems being orthogonal, so is the «-pair, or the .s-pair, 
and therefore (1) and (2). 

All asymptotes to (2) pass through the centre of gravity of the zeros. 

Let the point of contact of the tangent be at infinity ; then r x , r % . . . become 

as 1:1: Hence, we may regard them as representing equal parallel forces 

acting upon the zeros. But the resultant of such forces passes through the centre 
of gravity of the zeros where these points are regarded as material and all equal 
in mass. 

For a real function, this centroid will lie on the jr-axis. 

When the points are three in number, their centre of gravity coincides with 
that of a plane triangle defined by them ; when m in number, the co-ordinates are 



m 

z~yi. + ?*+?» + • • • 

tn 

Equation (1), of course, approaches the equation of a circle, where the in 
asymptotes to (2) are radii dividing it into in compartments. 
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23. Resume the equation 

1 («) = ^ W = s - 
where s is an auxiliary variable. From what has just been said, it is obvious that 
when s describes a circle whose radius is infinity, the argument of u is increased 
by 2it\m and that of z by 2?r/«, for each revolution of s. Since i" describes ™ cir- 
cumferences while " describes one (and this is true for any path enclosing all the 
zeros) to every value of s correspond ™ distinct values of " ; and these m or n 
values form in the limit a circular system at infinity. 

Now let s describe a very small curve about the origin ; " will describe a sim- 
ilar curve about each of its '" zeros. If, however, the zeros be not simple, the 
above statement holds true for circular paths only. 

OF THE FORM U m — (p (z) Or £ (ll) — Z'\ 

24. In this case, either the path, or the image, becomes a circle, which sim- 
plifies the representation. 

In the case where % or tp is a quadratic function, •/ (u) — <p (z) can always by 
translation be put into the form 

u n = <p (z) + c, 

or c' + x («) = z n . 

25. If we wish to avoid vectorial co-ordinates, we may suppose .y to describe 
the two systems x' = k, y' = k' , where s = x' + iy'. Then z will describe the 
pair of systems whose equations are 

t<f> = k, y<p — k' ; 
and 11, X"/ = k, $% = k' . 

If one of the functions, say <p, be of the form z", then the two systems de- 
scribed by z have for their equations 

— = - cos nO, ( 1 ) 
ft k 

— = -r, sin //d. (2) 
//' k' x ' 

These curves are inverses of the well-known curves 

r" = a" cos rid, 

r" = a'" sin nt). 

The asymptotes to (i) and (2) pass through the origin, dividing the region about 
it into 2;/ equal angular compartments. The angles which the asymptotes to ( I ) 
make with thex-axis are tzJ2ii, T,7tJ2n, 5?r/2«, . . . ; the same for (2), o, 2tt/2», 4jtJ2k> 
67t/ 2«, .... 
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Equation [I] will give u hyperbolic branches for %\, and n conjugate ones 
iorz.%. 

OF THE THIRD DEGREE. 

26. By means of the linear substitution, 

u = hi' -\- [is' -f- v, 
z — l'u' + fi'z' + v>, 

we can always put = o into the form jr («') = (p (z'). We have at our disposal 
four effective constants ; therefore, after depriving of the three terms containing 
u and z, we may impose one more condition. Let this be such a relation among 
the coefficients of 1 or <p that, by the addition of a constant to both sides of our 
equation, % or <p shall become a perfect cube. Then 

(*' —Xf = <l> {z') + k, or u" 3 = f {z'). 

Here, again, it will be advantageous for our pair of auxiliary systems to consist of 
i° a system of concentric circles, and 2° their radii. 
The equation 1 (»') = <p (z') will become 

u' s = f{z'), 

■by the above substitution, whenever the invariant S of a ternary cubic vanishes. 
For if 

0{u,z)=au 3 + btP + cv* 

+ $a 2 u*z + 3« 3 w 2 v + 3V 2 « + 3&A + l c ^ u + 1 C -^ Z 
+ €>muzv, 

then « 2 , a 3, b x> c x , m = o, 

which values substituted in 5 make it zero. 

If be homogeneous in u and z, we may separate the variables by the sub- 
stitution, 

u = hi' + fiz' , 

z = I'll' + fi's'. 
OF THE FOURTH DEGREE. 

27. Whenever is homogeneous in u and z, the variables may be separated by 
the substitution, 

u = hi' + pz', 
z = l'u' + fi'z', 
provided that the invariant T of a binary quartic vanishes. For, let 
== au* + afu % z + 6cuV + ^duz 3 + ez*; 
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= o. 



V, 



then b, c, d must = O. 

a, b, c 

.-. 7= b, c, d 

c, d, e 

In general, we cannot by the substitution, 

u = hi' + t*z' 4 

z = X'u' + p.'s' + v', 

separate u and 2 when is of the fourth degree. For there are six terms which 
must disappear, and but four effective constants at our disposal in the matrix of 
transformation. Hence there exist two conditions among the coefficients when- 
ever separation is possible. Let 

<P = au* + bz 4 + cv* 

+ 6/sV + 6gvhi l + 6/iu 2 z 2 + \2li?zv -f- \2mz 2 vu + \2n\?uz 
+ ^ajc-z + 4« 3 ?< 3 v + \b x z^u + ^b^v + 4c x v % u + \c^s. 

To have the required form, obviously h, I, m, n, b lt a 2 must each be zero. The 
sextin variant of a ternary quartic is 



«, 


h, 


g, 


/, 


a 3 , 


a 2 


h, 


b, 


f, 


K 


m, 


K 


g, 


f, 


c, 


c i, 


C\, 


n 


/, 


K 


c % , 


A 


n, 


m 


a 3 , 


m, 


c \, 


n, 


g, 


I 


a.„ 


K 


11, 


in. 


I, 


h 



But the last row becomes zero. Hence, whenever u and s can be separated by the 
above substitution, the sextinvariant vanishes. 

The converse of this statement is not in general true, because there is, as we 
have seen, one more condition to be satisfied. This may not be as simple as the 
one just found. 

Of course we can deprive <1> of the six terms whose coefficients are a. z , b y , etc., 
by means of a homographic substitution ; but that would be less convenient for 
the present purpose. 

GENERAL CASE, </> OF THE FORM CO (it, z) + ip (z) OR £ («) + 10 (tl, z). 

28. If (o be of a degree not higher than the fourth, (in u for the first case, in 
z for the second), it is. possible to separate u and z by introducing irrational ex- 
pressions. But owing to the complicated results, the degree of co is practically 
limited to the second in the general case. There are a few special cases where 
separation is possible ; e. g. 
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where ?, £ are any functions of z ; and so for s' z " -f, etc. 

29. The curves ftf^ k) admit of a simple organic description when <p (z) is of 

the form 

laz", 

where a is general, and / is any real number, entire or fractional. 

Imagine a series of bars whose lengths are /?*> mod. a x 
f)f' mod. a 2 , . . . , and suppose them jointed together 
and moved with angular velocities proportional to p x , 
p 2 , . . . , starting with angles of inclination to the .r-axis 
equal to arg. a lt arg. a 2 , . . . . 

The constant term of <p may be regarded as a bar 
without motion. 

It does not seem practicable to describe the or- 
thogonal set, l\, (J) , by any similar mechanism. 

APPROXIMATE EQUATIONS OF IMAGES. 

30. Let u = <p (z), where <p is any real function, algebraic or transcendental. 
Now if z move in a region where tip and $f are convergent, we may obtain ap- 
proximate expressions for 7J* = a) or 1^ = "> whose degree shall be equal to the high- 
est poiver of the y or x used in the development. 

Let x = « ; then we have 

X= a„ + a 2 f + « 4 y + . . . , 

y=«i'y + <h'j? + a l 'y+ . . . ; 

a„, o, a.. — X 







Y, 



o 
— Y 



o. 



o, a{, 
The subscript of ip indicates the highest power of y taken. 



« 2 , 
o, 
0, 

o, 



o, 

o, 
o, 



a 9 — X, 
o, 

o, 



o, 

a a — X, 

o, 



o 

o 

a a — X 



= o. 



The general equation takes one of the two forms : 
(1.) n odd 
SZ=* = X Y»- 1 +X 2 Y-° + X 4 Y»-*+ . . . + x„_ 2 Y* + X n Y'> = o > 
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(2.) n even 

n:°= w + w 1 - 2 + w-* + . . . +^»-3 y+^n-x v° = o, 

where X r is a polynomial of the rth degree in X. 

Since x = a is a path symmetric with reference to the r-axis, it follows from 
Art. 1 3 that / is symmetric with reference to the X-axis. In other words, Y can 
enter by even powers only. 

In the other system y = ft, we develop X and Y in powers of x ; we then have 

4> + *•** + V- 4 + • • • = X, = Y, 

$ even <p odd 

b x 'x + v 3 + <v* 5 + • • • = y, =x. 

$ even <p odd 

When <p is an even function, 1% ~ *' is of the same form as /J — *; if an odd 
function, it will be of the same form after interchanging X and Y. 

LINES OF EQUAL EXPANSION AND THEIR ORTHOGONAL TRAJECTORIES. 

3 1 . If each element along the «-path bears a constant ratio to the correspond- 
ing element of the £-path, this latter is called a line of equal expansion. 

Let dA, da represent elementary u- and -s-areas, and let accents denote dif- 
ferentiation. Then 

dA = (mod. duf, da = (mod. dsf. 

Let x = a or y = /9 ; then mod. dz — \/\_{dx)* + {dyf~\ becomes dy or 
dx, mod. du becomes ^/(X n + X, 2 ) dy, dx; 

.■.^ = X' 2 + X, i = k, 
da 

is the equation of the system of lines of equal expansion where k is the parameter. 

X ' 
The system -^ = c cuts the system X n + X, 2 = k orthogonally. 
X , 

For, differentiating the former, we have 

d l- x " x > — X ' X >' — X ' X ' f + XX,, 
dx ~ X,'X, — X'X„ ~ X'X" + X,X,' ' 

since X" = — X„. The latter system gives 

dy__ X'X" + X,X,' 
dx ~ X'X,' + X,X„ 

But (i) is the reciprocal of (2) with its sign changed. 

FOCI. 



(0 
(2) 



32. A focus of a function u is a point in the u- plane in whose immediate 
vicinity the transformed elements are infinitely small in comparison with their for- 
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mer magnitude. The corresponding point in the .ar-plane may be called an anti- 
focus. 

To find the anti-foci of a given function. 

We have, by definition, 

va.odi.du 

vaoA.dz 

. • . y/{X n •+ F' 2 ) = o ; i. e. X' = i Y> , = — iX, . 

This equation can be true only when X' and X, are separately equal to zero, since 
these functions are by hypothesis both real : 

■ ■ \X, =o, 



determine the anti-foci. 



TRANSCENDENTAL FUNCTIONS. 



33. When u = e", 

then X= e*cosy, 

Y= ^sin y. 

If x = a, we have X 3 + Y 2 = e*> ; ie.u describes a circle whose centre is 
at the origin and whose radius is equal to e a . 

If y = ft t then Y= Xten ft; i. e. u describes a straight line through the ori- 
gin making an angle ft with the X-axis. 

If f(x,y) = o be the equation of the path, then that of the image is 

/[|log(X'+ F 2 ),tan-^]=o. 

34. When u = sin z, 

X= sin x cosh y, 
Y= cos ^rsinhj. 

Let x = a, and let a = cos a, b = sin a; 

., X 1 F 2 

then ,, -s = 1. 

If a 2 

Next, let y = ft, and let a' = cosh ft, b' = sinh ft ; 
then a(t + -^ = 1. 
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When u = cos z, 



X-- 


= COSJF 


cos] 


*y, 


Y-- 


= — sin x si 


Inhy; 




X 2 
a 2 


Y 2 


— i, 






Y 2 


= i. 



The ellipses are the same as before ; but the hyperbolas have their axes 
interchanged. All the ellipses and hyperbolas are bi-confocal. 

35. u = sn z. 

(1.) First of all, let us examine the region about the focus X = 1, Y= o 
whose anti-focus is x = K, y = O. 
Letz — K+z'; then 

, , . , ,, ens' 1 — \z nj r ... . 1 — & ,, . 

Neglecting powers of z' beyond the second, we have 

A-=i-Hi-/P)(*' 2 -y 2 ). 

Y= — (1 — P)x>/. 
Let #' = a, and write X' for X — I ; then 

is the equation of ^J-*', where the focus is the origin. For the system y — P, 
we have 

In like manner, may be discussed the region about the focus « = \\k whose 
anti-focus is x = K, y= K' . In this case, 



■(*+*"+ i-i^-if^ 1 



sn (if + A" ? f *') : - i ~, = i. I ' + ~Y^ ^' 2 + 



If s be near ^T'z, and u near 00 , let z = K' i -f- z' ; then 
^ being very small.. 
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If z' describe the system x' = — a,u will describe a system ot circles whose 
centres lie upon the X-axis and which have a common point of contact at the 
origin. The radius of any particular circle will be equal to \\2ka. 

Now let y' = — /Jin the equation 

These 'circles have their centres upon the F-axis at distances equal to \J2k[i from 
the origin, where they have a common point of Contact. 
(2.) Curve of maximum abscissas. 

sn .rcn iy dn iy + sn iy en ^dn x 



u 



= sn (x -f- iy) = 



I — /fc 2 sn 2 x sn 2 iy 



y, sn x en iy dn iy 

1 — P sn 2 x sn 2 iy ' 

SX en x dn x en 2)/ dn iy ( 1 — /fc 2 sn 2 r sn 2 2 'y) + 2/P sn 2 xcnxdx\x sn'iy en 2J dn zj 

Sx (1 — & sn 2 x sn 2 z>) 2 

1 4- /fc 2 sn 2 * sn 2 z> , . , . 

= t ^ — 5 5-t4v, en -r dn x en 2 1/ dn 1 y. 

(1 — /P sn 2 x sn 2 2_y) 2 

dX\dx may be made equal to zero by equating to zero, either 

en x dn x en iy dn 2)/, or 1 + & sn 2 .*• sn 2 iy 

y, the parameter, being less than K', 

If x = K, cnxdnx en iy dniy = 0; 

therefore that part of the X-axis which joins the foci 1 and \\k is the locus of the 
points of contact of a tangent, parallel to the F-axis, with the system 

fly - « 

sn z 

The other locus of vertical tangents is determined by aid of the equation 

I -f- P sn 2 x sn 2 iy = o, or sn x sn iy = ± i\k. 

It was for this locus that the above name was intended. Obviously the curve of 
maximum abscissas for 1$* = w is the curve of maximum ordinates for /f? = a) . 

oil 3 all Z 

(3.) Example. Suppose k = \; and let the region of the 2-plane considered, 
be a rectangle whose edges are K and K' in length. 

For this value of k, K= 1.68575 an d K' = 2.1565. By means of expan- 
sions and addition formulae, we construct the following tables : — 
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2 


sn« 


en 2 


dns. 


z 
.1 


— t sn iz 


en iz 


dn iz 


.1 


O9979 


99501 


•99875 


.IO02I 


I.OO5OI 


I.OOI25 


.2 


19835 


98013 


•99507 I 


.2 


.20I68 


1. 020 1 3 


I.OO507 


•3 


29447 


95566 


.989IO 


•3 


■30572 


I.O4569 


I.OI162 


4 


38704 


92206 


.98IIO 


•4 


•41374 


I.0822 1 


1. 02I 17 


•5 


47508 


87994 


•97138 


•5 


•52730 


I.I3051 


I-034I7 


.6 


55773 


83OO2 


•96033 


.6 


.64822 


I.I9171 


I.05 I 21 


•7 


63429 


773IO 


.94839 


•7 


.77864 


I.26739 


I.073 1 I 


.8 


70421 


70999 


•93596 


.8 


.92 1 2 1 


I.35964 


I. IOO98 


•9 


76708 


64155 


.92352 


•9 


I.O7929 


I-47I35 


1. 13632 


1.0 


82263 


56857 


.9II49 


1.0 


I.25728 


1 .60647 


I.l8ll8 


1.1 


87069 


49183 


.9OO26 










1.2 


91117 


41203 


.89OI9 


i-5 


2.77546 


2.95OI I 


I.7IO5O 


i-3 


94405 


32981 


.88159 










i-4 


96934 


24572 


.87470 


2.0 


12.7131 


12.7523 


6.43471 


i-5 


98706 


16039 


•86973 










1.6 


99724 


O7422 


.86682 










AT 1 


.00000 


OOOOO 


.86603 


K' 


00 


00 


00 



Suppose a sufficient number of real and purely imaginary values of « to have 
been taken, and the values of sn z, en z, and dn z computed and thus tabulated ; 
then, by the addition formulae, we can find any mixed value of 

u (= sn z, en z, or dn z.) 

The dotted line upon the chart is the curve of maximum abscissas for the 
system f%~ p ■ To find where this curve intersects the X-axis, make x = K\ 
. • . sn*= 1 ; sn jt sn iy = 22 becomes — i sn iy — 2. Had we a complete 
table, we should find y equal to about 1.3. Therefore this curve meets the X- 
axis near the point where the curve /' B 1 [,7 I,3> meets it. 

About \ of the part of the ^-plane considered, lies, when transformed, be- 
yond the limits of our chart. 

By making use of the same computations we could, of course, construe:, 
charts for en z, dn z, sn -1 .?, etc. 
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SOLID IMAGES. 

36. Let the right versor i operate in planes parallel to xy, and/, in planes 
parallel to xz, then the affix of any point in space is 

u = x + iy -\rjz. 

Let U= f (u) = X + iY + JZ. 

By Taylor's Theorem, 

n— a < r \ 1 *> ±if °V (f) 1 (*> + »* *? (•*) 1 

y-fW+ 1 £*• + 2 ! 2^ + • • ' ' 

whence, expanding the binomials {iy -\- jzj, and omitting all terms of the form 
Ki K j n y m z n where m and n are both odd, we have 



(0 

(2) 
(3) 



„ , . y + «* „/ x , y + 6/^ + ^ lv , . 
jr= r (*) - — ^— f " (*) + -^ — ^, f ,v (*) 

_ y+ 15/^+15/^ + ^ „ + _ 

Y=y f > { x) - ?+fl f >» { x) + / + I0 ^f + 1^ ,v (,) - . . . 

z =VW -^ rW+ ^±^ fW _ . . . 

It is easily shown, from (1), (2), (3), when z is constant, that 

9X_9Y 

9x 9y ' 

3Y__9_X 

9x dy ' 

and when y is constant, that 

dx = dz 

9x~ 9z' 

9Z_ _9X 
9x~ 9s' 

Let us return for a moment to the consideration of plane images. 

(«) If u = x + iy -\-Jz move along any two intersecting curves whose plane 
is parallel to xy, then the projections of their images upon XY intersect at the 
same angles as did the original paths of the variable u. For we have already 
seen that if 

U=X+iY, 
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and if z be constant, U is a function of u' = x + iy. In like manner, if 

U=X + jZ, 

and if y be constant, U is a function of u" = ;tr +/£. Therefore, in either case, 
all angles are preserved in the projections (upon the plane XY or XZ). 

Let JT =?,(*, j/, .?), (I') 

Y=f 2 (x,y,z), (2') 

^=?s(*,.ft^); (3') 

also, let the equations of the path of u be/, (x, y, z) = o, f 2 (x,y, z) = o. If we 

eliminate x,y, z, the two resulting equations in X, Y, Z determine a curve in space 

of three dimensions — the path of U. 

We shall next discuss the infinitesimal elements of the C/-space. 

If Vbe any function <f> of x, y, z, and V x = <j> (x x ,y x , z x ), V 2 = (p (x 2 ,y 2 , z 2 ) be 
two special values where x x ,y x ,z x ; x 2 ,y 2 ,z 2 are points very near together; then, if 
x 1 ,y u z x become x x + h, y x + k, z x -\- I, and if x 2 ,y 2 , z 2 become x 2 + h, y 2 -j- k, 
z 2 + /, respectively, V x and V 2 are increased by equal amounts as h, £, / =L o. 
For 

V 1 + // 1 = </>(.x 1 + k,y 1 + k,z l + /)=V l + k 9 -^ + k^+/^ + . . ., 

V 2 + If i = f(x 2 + k,y 2 + k,z 2 + /)=V 2 + k^ + k^+l^+. . .. 
Now H xz z-H 2 ; for, as x x = ;tr 2 , y x ^y 2 , z x ± z 2 ; 

9K_3V 2 = g 

9x x 9x 2 

where e is an infinitesimal of the first order ; 

an infinitesimal of the second order. So proceed with the quantities multiplied 
by k and / ; 

..H x -H % ^o. 

Let x x ,y x , z x ; x 2 ,y 2 ,z 2 be the co-ordinates of the extremities of a very short; 
and we may suppose, straight line; then, of course, x x + h, y x + k, z x + /, 
x i + K Ji + k, z 2 -\- 1 determine an equal and parallel line. Suppose 

Y x = <p 2 (x x ,y x , s x ), 
Z x = <l>s{x x ,y x ,z x ), 
X 2 = 4> x {x 2 ,y 2 ,z 2 ), 
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to be co-ordinates of the extremities of a very short line ; then, if the line x lt y lt z x ; 
x 2 , j 2 , z 2 move parallel to itself, so does the line 

For, giving to x, y, z the necessary increment h, k, I, we have 

X x + Hlox X^, 
X 2 + H X 2 , 



((5) Hence, if the «-space be divided into elementary parallelopipeds, so is 
the £/-space, regardless of the nature of the function tf). 

Therefore, if the «-space be divided into elementary cubes by planes parallel 
to the co-ordinate planes, the transformed elements will be parallelopipeds, the 
projections of the XFand XZ faces of which, upon the co-ordinate planes XV, 
XZ, respectively, will be perfect squares. (a), (b). 
Examples. 
(i) If U=u\ 

X=x 2 —f — z i , 
Y— 2xy, 
Z = 2XZ. 

(2) If U=C", 

X= r* cos/ cos .s, 
Y= c° sin/ cos.?, 
Z= e* cos y sin z. 

(3) If £7= sin a, 

X = sin orcosh/ cosh z, 
Y== cos x sinhj cosh z, 
Z = cos x cosh/ sinh z. 
These are analogous to plane images, and are reduced to them by making 
-sr = 0. 



